
 

Chowdloties
Idea of Grothendieck Universal cohomologytheory

Let k be a field and Vark be the category of smooth proj varieties 1k A nice cohomology
theory is a contravariant functor H Varck Graded fd vectorspaces1k that has good
properties such as a Weil cohomologytheory

Examples
X H I Qe

2 X HierX
contra

Grothendieck there should be a universal cohomologytheory h Varca A where A is
at least an additive category so that all other cohomology functors factor through k

Take fcHomvarcu X Y and Pfbe its graph in Xxx We know f'dH y H x is
equal to p d y it qC l where X p Xxx qX Second take why just 17
If ZcX Y is any subvariety it defines a map Eta p.CI yCZ q4D If
Zz Z then I Z These are called correspondences

Det Chowk Categoryof ChowMotives
objects smooth proj varieties1h
morphisms subvarieties of Xxy upto Qequiv A Xxx

compositin ww.czI.psgYpx.fz.thf w ex TEETH
xxx xxz y z

We leave associativity and Daxxx is the identity as an exercise There are a few
variations of this theme no one has settled on the right one We have a functor
h Varch Chow u by CfX Y RfcXxi Can check this is a universal
functor and morally Chow n is the additivization of Varck
Variants
Cheick Morphisms are dimy codimension
Can use coarserequiv
1 Homological equiv dCz ICE Heck homological motives

2 Numerical equiv Zw Z w VW appropriate Newnumerical motives

IBitumi Homological a Numerical motives are equivalent

Note Chew k is additive but is not abelian We at least want kernels of projectors
pelton Xix p2 p is a projector Hence id p is a projector We then want
to split our variety up via Karroubi completion

Det A category is pseudo abelian if it is additive and
1 all projectors have kernels equalizers
Z Karp Ker Lp Is X unique



x xGiven an additive category D its pseudoabelian completionD is ob xplXeobD isprojector
and Homlcx.plcy.gl gHomo xi p This gives a pseudoabelian category and i D B
X x id is universal among functors from D into pseudoabelian categories

We then have CTowch and I x idea

Corollary In CTE F Pipo IP p where poexi p we cAP'xp

We call e Pipo k the Tate motive We also have a multiplication Cx Xxx tensor
category

Fact F e I II II in a sense k Au they havethe same cohomology

T K

Twosteps we wantto invert it thinkof it as ing w a 1 D vectorspaces Andgiveratand
coefficients We get Motch the category of motives chow Monk ChickLuisa
Call numerical motives

NMotcw.SIjectumsmAybaiCes Let Xle be smooth proj of dim n Choose an ample
Lepicx and e L c thx e Define L Hicx Hitch by ai sxue.CL

HardLefschetz Hni H is an isomorphism fi Hence 3A Hi Ho2 suchthat AiHmi_HniI m7h1 which is multiplicationby Cjul and d h are an slztriple ou H x

Now over anyfield k Ha Weilcohomologytheory

IDI AH Q spams of classes I c e Hix

Now L AH AH as the operator is algebraicChem L is givenby the correspondence L Ltd

Caja Li AH x I AHui x
mie B A is algebraic

X fixed
Conjecture Iii H x Hicx are algebraic

Fact A B C

The HB holds forall L if it holdsfor me
2 B is stable under products hyperplane sections
3 B holds for curves surfaces abelian varieties and generalized flag varieties

if k Fg4 Cholds

Hodgestandandconject i Define pi Ker L ii Hi Hai Then Wien the Q valued pairing
on AHarp cD LL ca y is positivedefinite

If chark o then this holds by Hodgetheory

fc2j.edu If a cycle on X is numerically equivalent to zero then its homologicallyequivalent to



Note the Hodge conjecture A D Over 6 the usual Hodge conjecture implies all of
the above

LemmyNumicx is a fg abeliangroup

them Assume B x and Hdglxxx Then
1 The Qalgebra Endamoun X is semisimple hence a product of matrix algebras

µµµu is abelian and semisimple Holyship
2 Assume Hitz I I Fob Then0447 is semisimple charpoly has Z coeff's indep

of H x a eigs have absolute valuegik
Thin Jantzen NMot k is abelian and semisimple indep of stdconj
MotivicZetaFunction See Lunt'spaper


